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Introduction
The orthogonality of some classical systems of polynomials, in the outstanding situation in which the three term recurrence relation breaks down (so the hypothesis of Favard's theorem does not hold), has been successfully developed in the last decade: see [21, 24] for the Laguerre case, [22, 4, 2, 1] for the Jacobi case, [3, 12] for the Meixner case, [5, 6] for the case of symmetric Meixner-Pollaczek polynomials, [13] for (not necessarily symmetric) Meixner-Pollaczek polynomials with null parameter and, finally, [12] for the classical families of polynomials which satisfy a discrete orthogonality with a finite number of masses (i.e., the Hahn, Racah, dual Hahn and Krawtchouk polynomials).
Our contribution to this topic is twofold. First, in [17] we have completely solved the case of the Meixner-Pollaczek
by showing that this system becomes orthogonal with respect to a non-standard discretecontinuous inner product, being the values λ N = (1 − N)/2 (for N a positive integer) the only ones for which no orthogonality condition can be deduced from Favard's theorem. Second, and with the benefit from some technique details developed in the current paper and also in [19] , we have solved [20] the remainder cases for the polynomial families belonging to the Askey-scheme, so the non-standard orthogonality (we mean, the orthogonality beyond Favard's theorem) for the hypergeometric-type polynomials in the Askey-scheme can be considered as a closed problem.
To the best of our knowledge, the first non-standard orthogonality result in the q-world has been reported in [16] , in which we have analyzed the system of the little q-Laguerre polynomials for those values of its unique parameter for which Favard's theorem fails to work. The results of that pioneer paper have been further generalized in [18] , in which we have studied the non-standard orthogonality for the discrete (big and little) q-analogues of the Jacobi polynomials. In the course Section 4 is devoted to the same study as the one done in Section 2, but now on the monic discrete q-ultraspherical polynomials {D n (·; λ; q)} ∞ n=0 of Atakishiyev and Klimyk, defined as a specialization of monic big q-Jacobi polynomials. Similarly to Section 3, we introduce in Section 5 a bilinear form involving a discrete part and also a part with a q-integral (the last term with the presence of the q-derivative operator), with respect to which the monic discrete q-ultraspherical polynomials, with parameter out of the range of application of Favard's theorem, become orthogonal.
Notation, conventions and terminologies:
We shall denote by N and N 0 , respectively, the set of positive integers and the set of nonnegative integers. The set of complex numbers will be denoted by C, and i will stand for the imaginary unit (i 2 = −1). All polynomials considered will be complex-valued in one complex variable, and P will stand for the set of all such polynomials. For each n ∈ N 0 , the subset of P of all polynomials of degree not greater than n will be denoted by P n . By a system of monic polynomials we will mean a sequence {P n } ∞ n=0 of polynomials fulfilling P (n) n = n! for each n ∈ N 0 . Observe that for a sequence of monic polynomials we have P 0 = 1. For notational convenience we will use P −1 to denote the null polynomial, and we will also use deg(P −1 ) = −1. The Kronecker delta will be denoted by δ jk , · will denote the integer part function (for a real number x, x is the greatest integer less than or equal to x), and m mod n will stand for the remainder on division of m by n.
For N ∈ N, a square matrix of order N, with real entries a jk , will be denoted by A = (a jk )
, and (a j )
N−1 j=0
∈ C n will stand for (a 0 , a 1 , . . . , a N−1 ). The transpose (resp. conjugate transpose) of a matrix will be denoted by using the superscript t (resp. * ) and complex conjugation will be denoted with an overline.
With respect to the q-calculus, the conventions and definitions adopted in this paper will be the usual ones (see [14, 23] ), and we will use them without further explanations. For our purpose, it will suffice to consider (and that is what we shall always assume) 0 < q < 1.
On the continuous q-ultraspherical polynomials
The best known q-analogue of the system of classical monic ultraspherical (also, Gegenbauer) polynomials {C
is the system of monic continuous q-ultraspherical (also, Rogers) polynomials {C n (·; β|q)} ∞ n=0 , introduced and studied by Rogers [25] [26] [27] , however not as orthogonal polynomials, and their orthogonality considered by Askey and Ismail [8] . For each n ∈ N 0 , the nth degree monic continuous q-ultraspherical polynomial can be defined in terms of the basic hypergeometric series 2 φ 1 by means of [23, 3.10.15, 3.10.18] C n (x; β|q) = e inθ 2 n 2 φ 1 q −n , β β −1 q −n+1 q; e −2iθ β
are needed (for example, when the Askey-Wilson operator is introduced), there is not specified how the polynomials must be extended to the whole (or part) of the complex plane.
In this paper we will assume that x ∈ C. We introduce the complex variable
1/2 is chosen so that it lies in the same quadrant as x, except for x ∈ [−1, 1], along which the plane must be cut). Then z = 0 and
, where Log stands for the principal value of the complex logarithm function, which implies x = (e iθ + e −iθ )/2 = cos θ , where cos is the complex function in the complex variable θ .
We note that the well-known explicit representation (2.1) is meaningful for β ∈ C \ {q −n } n∈N 0 . The special case β = 0 of the monic continuous q-ultraspherical polynomials equals the monic continuous q-Hermite polynomials H n (·|q) [23, 3.26.1, 3.26.4 , Remark on p. 116]; when we set β = q 1/2 , we find the monic continuous q-Legendre polynomials P n (·|q) [23, 3.10.32, 3.10.35] . The choice β = q leads to the monic Chebyshev polynomials of the second kind U n . In fact, we have (for x = cos θ )
where the last formula, when θ = kπ with k an integer number (which corresponds to x = ±1), must be understood as its limit when θ tends to kπ .
From (2.1), and using
and that is why monic continuous q-ultraspherical polynomials can be interpreted as q-analogues of monic ultraspherical polynomials.
For β ∈ C \ {q −n } n∈N 0 , monic continuous q-ultraspherical polynomials satisfy the three term recurrence relation [23, 3.10.18] 
With this in mind, the operator D q is defined by
wherex stands for the symmetric Laurent polynomial defined byx(z) = (z + z −1 )/2, and where for each function f in the
, p ∈ P.
If for each z ∈ C \ {0} we define the complex number θ z = θ = −i Log(z), then x = cos θ and the formula for D q p(x) can be rewritten as 
Iterating (2.4) we obtain
The remainder of this section is devoted to establish three factorization results for the polynomials C n (·; β|q) when the parameter β is one of the outstanding values for which Favard's theorem fails to work, that is, for
The consequences of these factorizations will be essential in the statement of the main results of this paper, which can be found in Section 3. We must point out here that these factorizations are intimately related with the formalism of factorization used by Atakishiyev and Klimyk in [11] , and by Area, Atakishiyeva and Rodal in [7] . Let us consider firstly the 
Proof. We first obtain an explicit expression for C n (·; β|q), different from (2.1). One of the three hypergeometric representations in [23, 3.10.15] for the continuous q-ultraspherical polynomials, written in the monic case, reads
Using that (q −n ; q) k = 0 for k > n and that (a; q) n /(a; q) k = (aq k ; q) n−k for a ∈ C and 0 k n, the above expression implies
Taking into account the relation (see [23, 0.3.3] )
we finally get (and, as always,
Note that formula (2.6) works perfectly whenever β ∈ C \ ({q −n } n∈N 0 ∪ {0}) (note, also, that β = 0 is an admissible value when dealing with the alternative formula (2.1)).
Once obtained the desired explicit expression, it is clear that for fixed N ∈ N and for all n 2N,
If we first replace the summation index k by 2N + k (so n k=2N must be replaced by
and also we apply the formula (a;
, the above equation can be written in the
As easy to check, the latter equation is, in fact,
In the light of the above factorization, it can be deduced that for a fixed positive integer N, the points 
For all n 2N and for k ∈ {0, 1, . . . , N − 1}, the points ±x k are 2N different roots of the polynomials C n (·; β
Proof. We know, by the previous proposition, that for all n 2N the polynomial C n (x; β 
Finally, the ordering on the x k 's is a consequence of the fact that the (real-valued) function f , defined by f (x) = (1/2)(x+ 1/x), is strictly decreasing on the interval (0, 1). 2
Our second factorization result establishes that for a second set of parametersβ N = −q 1−N , N ∈ N, for which the hypothesis of Favard's theorem does not success, the polynomial C 2N−1 (·;β N |q) divides all the polynomials C 2N−1+n (·;β N |q). 
Proof. We will use a totally different method than the one we have used in the proof of Proposition 2.2. Let us recall that monic continuous q-ultraspherical polynomials, with parameter β / ∈ {1, q −1 , q −2 , . . .}, fulfill the three term recurrence
where
The assertion will be proved by using the principle of strong induction:
i) For n = 2N − 1 we trivially get that
ii) Now suppose that for all k such that 2N − 1 k n we have
Using (2.7) with β =β N , (2.8), and taking into account the induction hypothesis, the expression for C n+1 (x; β|q) becomes
Observe that the above computation is valid for n = 2N − 1, because although the induction hypothesis cannot be used for C 2N−2 (x;β N |q), the corresponding "correction" comes from the fact that γ 2N−1 (β N |q) = γ 0 (β N |q) = 0.
Finally, the fact that
is straightforward from (2.6). Thus, we have completed the proof. 2
We will show now that certain 2N − 1 different points on the imaginary axis are roots of the polynomials C 2N−1+n (·;β N |q). 
We have 
Now we will state the third (and last) factorization result, which establishes that for the set of the remainder parameters for which the hypothesis of Favard's theorem does not fulfill, that is, for −β 
D q -Sobolev orthogonality of continuous q-ultraspherical polynomials
As mentioned in the previous section, the hypothesis of Favard's theorem does not fulfill for the families of monic 
where β
Proof. Let {l j (·; q)} 2N−1 j=0 ⊂ P 2N−1 be the set of Lagrange interpolating polynomials at the nodes (depending on q)
, explicitly defined by
Due to the fact that
and since both {l j (·; q)}
2N−1 j=0
and {C j (·; β
are bases of P 2N−1 , we can ensure that the matrix
is an arbitrary nonsingular diagonal real matrix of order N (κ j ∈ R \ {0}), then the symmetric matrix
t is positive definite.
In order to state the orthogonality we will consider three cases:
ii) If 0 m 2N − 1 and n 2N, then D 
Therefore, we deduce
where we have defined
With the aid of the classical orthogonality condition for the monic continuous q-ultraspherical polynomials (2.3), replacing β by β + N , we can finally state
With the aid of Corollaries 2.1 and 2.3, and using a similar technique of the one in the previous proof, we introduce a non-standard discrete-continuous inner product with respect to which the monic continuous q-ultraspherical polynomials with parameter β = −q 1−N become orthogonal. 10) whereβ N = −q N and w(x;β N |q) = |(e
, and D is an arbitrary nonsingular diagonal complex matrix of order 2N − 1. We also remark that, using Corollary 2.1, when evaluating the continuous part of the inner product defined, in which x ∈ [−1, 1], we must take into account that
In relation with the square of the norm, we get
In the same manner as in the previous two theorems, using in this case Corollaries 2.1 and 2.4, we introduce a nonstandard inner product with respect to which the third family of monic continuous q-ultraspherical polynomials with parameter not fulfilling the hypothesis of Favard's theorem (i.e., the family {C n (·; −β , and D is an arbitrary diagonal nonsingular complex matrix of order 2N. As above, in the integral appearing in the defined inner product, we will have
On the discrete q-ultraspherical polynomials
We begin showing how and why a special case of the monic big q-Jacobi polynomials {P n (·; a, b, c; q)} ∞ n=0 can be considered as a discrete q-analogue of monic ultraspherical (or Gegenbauer) polynomials {C
, following the idea and terminology of Atakishiyev and Klimyk [10] .
Monic big q-Jacobi polynomials (one of the q-analogues of monic Jacobi polynomials {P 
where a, c / ∈ {q −n } n∈N and ab / ∈ {q −n−1 } n∈N , in order to be P n (·; a, b, c; q) a well-defined nth degree polynomial. Classical considerations (much more restrictive than the previous ones) assume that 0 < a, b < q −1 and c < 0. With such restrictions, monic big q-Jacobi polynomials can be alternatively defined as the system of polynomials fulfilling the orthogonality relation (see, for example, [23, 3.5 
n (see [23, 1.8.15 ] and the normalizations [23, 1.8.4, 1.8.18]), and also that 
for all "admissible" values λ. This is the reason that the family {P n (·;
can be considered as a discrete q-analogue of the family of monic ultraspherical polynomials, and we will call it in the sequel (following Atakishiyev and Klimyk) the family of monic discrete q-ultraspherical polynomials, and for the sake of brevity we will denote
With the restrictions (mentioned above) that the hypergeometric representation (4.12) imposes on the parameters, the allowed values for λ are the ones in C \ {−n/2} n∈N . We will use a simple manipulation on the explicit representation of D n (·; λ; q) that allows us to consider also the values λ ∈ {(1 − 2n)/2} n∈N . Applying (4.12) to the special case a = b = −c = q λ−1/2 , and taking into account that (q −n ; q) k vanishes for k > n, we get
By (2.5), and after a suitable simplification, we obtain a final expression that works perfectly for all λ ∈ C \ {−1, −2, . . .}:
Definition 4.1. Let λ be an arbitrary complex number such that −λ / ∈ N. For each n ∈ N 0 we define the nth degree monic discrete q-ultraspherical polynomials D n (·; λ; q) by
(4.14)
Using the three term recurrence relation for the classical monic big q-Jacobi polynomials [23, 3.5.4, 3.5.3] 
) . (4.16) Let us remark that the restrictions λ = 1 and λ = 0 (due to the fact that γ 0 (1; q), γ 0 (0; q), and γ 1 (0; q) are not well defined) are not necessary in the previous result, because for these values of λ we can adopt the simplified expressions
which work for all nonnegative integers n.
In case that λ = (1 − 2N)/2 for some positive integer N, no orthogonality results can be deduced from Favard's theorem for the monic discrete q-ultraspherical polynomials due to the fact that γ 2N ((1 − 2N)/2; q) = 0. Our main result related to the system of monic discrete q-ultraspherical polynomials consists precisely in an orthogonality statement for this family, when its parameter λ equals one of these outstanding values (1 − 2N)/2. To this aim, as we did in Section 2, we will give some results, ones concerning the action of the q-derivative operator on the monic discrete q-ultraspherical polynomials, and the other ones concerning a factorization property for these polynomials. The q-derivative operator D q : P → P is defined, for each polynomial p, by
Using (4.14) , and noting that 17) it is an easy matter to establish the following result (compare to [23, 3.5.7, 3.5.4] , in the special case a = b = −c = q λ−1/2 ). 
We will show now that for 0 k N − 1, the points ±q −k are 2N roots of the polynomials D 2N+n (·; (1 − 2N)/2; q). 
where {Q n (·; λ; q)} ∞ n=0 is the family of monic polynomials fulfilling the three term recurrence relation 19) and where γ n (λ; q) is defined by (4.16).
Proof. By a direct application of (4.16), it follows that for each N ∈ N and for all nonnegative integers k,
and we also note that (·; (1 − 2N)/2; q) . Using that (q − j ; q) k = 0 for k j + 1, the explicit representation (4.14) simplifies in this case to
let us note that a) since k j N − 1, then −2N + 2k + 2 0 (the exponent of the first factor is non-positive);
0 (the exponent of the last factor is nonnegative).
The two items a) and b) above imply that (q −2N+2k+2 ; q 2 ) (2N−k)/2 vanishes. Therefore, we have established that (5.20) which is the orthogonality condition for the discrete q-ultraspherical polynomials {D n (·; λ; q)} ∞ n=0 , valid when λ > −1/2. Furthermore, the orthogonality of the system {D n (·; λ; q)} ∞ n=0 , with −λ / ∈ N, is guaranteed for all the allowed values of the parameter λ, except when λ equals (1 − 2N)/2, for some N ∈ N. Using the q-derivative operator D q we will give an orthogonality result for the families {D n (·; (1 − 2N)/2; q)} ∞ n=0 , where N is a positive integer. 
